ABSTRACT. Given a complex manifold X, any Kähler class defines an affine bundle over X, and any Kähler form in the given class defines a totally real embedding of X into this affine bundle. We formulate conditions under which the affine bundles arising this way are Stein and relate this question to other natural positivity conditions on the tangent bundle of X. For compact Kähler manifolds of non-negative holomorphic bisectional curvature, we establish a close relation of this construction to adapted complex structures in the sense of Lempert-Szőke and to the existence question for good complexifications in the sense of Totaro. Moreover, we study projective manifolds for which the induced affine bundle is not just Stein but affine and prove that these must have big tangent bundle. In the course of our investigation, we also obtain a simpler proof of a result of Yang on manifolds having non-negative holomorphic bisectional curvature and big tangent bundle.
INTRODUCTION

Given a Kähler class
X on a complex manifold X, the last identification allows one to construct a natural deformation of the complex structure on the cotangent bundle of X, which is an affine bundle modelled on Ω 1 X , see for example [Do, §2] . In this paper, we study the complex geometry of the total space of this affine bundle Z X = Z [ω] over X, which we call a "canonical complex extension of X," adopting the terminology of [Sh] and referring the reader to the discussion in Section 1.1 for why we have chosen the term "extension" over the perhaps more natural "complexification".
It is elementary to see that every form representing [ω] defines a differentiable section of Z [ω] . We show in Theorem 2.3 below that a section obtained in this way defines a totally real embedding of X into Z [ω] if the chosen form is Kähler. As every Kähler class has a real analytic Kähler representative, a folklore result which we prove in detail in Appendix A of this paper, such a section hence provides a natural complex extension of the real analytic manifold underlying X. In particular, by classical results in complex analysis due to Grauert, the image of such a section has a neighbourhood basis of Stein neighbourhoods, and it is hence a natural question to ask under which conditions is Z [ω] itself Stein.
Looking at what happens in the case of compact Riemann surfaces is perhaps useful to form an initial set of expectations. For X = P 1 , Z X is an affine variety (in fact, isomorphic to the surface in C 3 defined by x 2 + y 2 + z 2 = 1, hence a complexification of S 2 ∼ = P 1 ) and when X is an elliptic curve, Z X is Serre's example of an algebraic variety which is not affine, but whose underlying complex structure is Stein, see Remark 2.18. Finally, when the genus of X is ≥ 2, Z X admits no non-constant holomorphic functions, and hence is never Stein, see Example 2.30. On the other hand, Z X (for X of arbitrary dimension) always possesses the property of Stein manifolds that there are no compact complex submanifolds of positive dimension, see Proposition 2.6.
Based on the foregoing-admittedly crude-set of data, it is plausible to suggest that some positivity conditions on the tangent bundle of X may be sufficient for Z X to be a Stein manifold. After studying the examples of complex tori and flag manifolds in Sections 2.3, we prove that for Kähler manifolds (X, ω) admitting a finiteétale covering by products of these, the affine bundle Z [ω] is indeed Stein, see Theorem 2.29. In particular, via the uniformisation theorem of Mok [M, Main Theorem, p .179] and a result of Deligne and Sullivan [DS] , this class of manifolds includes all compact Kähler manifolds of non-negative holomorphic bisectional curvature (see Proposition 2.28), which can be taken as an example of a positivity condition sufficient for Z [ω] to be Stein.
There is another canonical way of associating to a Riemannian metric g on a given real analytic manifold M a complex structure on a neighbourhood of the zero section of the tangent bundle TM, the so-called adapted complex structure of Lempert-Szőke [LS] and Guillemin-Stenzel [GS] . In fact, one of the natural questions in this theory is to determine conditions under which the adapted complex structure is everywhere defined, so that it induces the structure of a Stein manifold on the entirety of the tangent bundle. When this happens, the underlying Riemannian manifold is said to have an entire Grauert tube. While it is known that having entire Grauert tube implies that the sectional curvature of the underlying Riemannian manifold (M, g) has to be non-negative [LS, Theorem 2.4] , it is not true that non-negative sectional curvature of a particular metric is sufficient for the complex structure arising from that metric to be defined on the whole of TM
1
. Of course, in the case that a Riemannian metric of non-negative sectional curvature is also Kähler, then its holomorphic bisectional curvature is also non-negative; in this situation, we will see that the non-negative curvature is sufficient for the adapted complex structure to be defined everywhere and we show that it coincides with the one constructed via deformation induced by the Kähler class [ω] as considered in this paper, see Proposition 2.35.
In fact, a conjecture of Burns [Bu, §5] predicts that for a Riemannian manifold M with entire Grauert tube, the tangent bundle can be made into an affine algebraic variety in a natural way. Already for tori this is a subtle question, as for example our computations of the complex structure obtained by deformation on tangent bundles of compact complex tori in Section 2.3 below show that in this context the classical examples of Serre of non-affine algebraic varieties with Stein analytification do show up. This algebraicisation problem is closely related to the existence of a good complexification of the underlying real manifold M, i.e., the question whether there exists a smooth affine algebraic variety Z over R such that M is diffeomorphic to Z(R) and such that Z(R) ֒→ Z(C) is a homotopy equivalence.
Totaro suggests that those manifolds admitting a Riemannian metric of non-negative sectional curvature should be precisely those that admit such a good complexification, see [T, Introduction] for a detailed discussion. Using some of the techniques introduced in [T] , we show, using Proposition 2.28, that in the Kähler case, non-negative curvature (hence, non-negative holomorphic bisectional curvature) is sufficient for the existence of good complexifications, see Theorem 2.32.
Having discussed sufficient criteria for Steinness of the affine bundle Z [ω] , it is of course an interesting question to characterise those compact Kähler manifolds fulfilling this positivity condition. In this direction, note that compact Kähler manifolds with non-negative holomorphic bisectional curvature constitute an important class of compact Kähler manifolds with nef tangent bundle, whose study was initiated in the seminal paper [DPS] of Demailly-Peternell-Schneider, see Section 4 for a very short discussion. As the tautological line bundle on the projectivisation of the tangent bundle appears as the normal bundle of a divisor compactifying Z [ω] to a compact Kähler manifold, see Lemma 1.14, it is natural to ask whether compact Kähler manifolds for which Z [ω] is Stein do in fact have nef tangent bundle. Since proving this seems to be difficult, as a first step in this direction, we investigate the algebraic situation and show in Section 3.1 that for projective manifolds having a class [ω] such that Z [ω] is affine, the tangent bundle is necessarily big. As a side product of our considerations we obtain 1 It is believed, however, that if there exists a metric of non-negative sectional curvature, then there is some, possibly different, metric, necessarily also of non-negative curvature, for which the Grauert tube is entire; this appears to be a subtle and difficult question, related to the suggestion of Totaro mentioned below.
essentially elementary proofs of a result of Hsiao [Hs, Corollary 1.3] , asserting that flag varieties have big tangent bundles, and one of Yang [Y, Theorem 4.5] , stating that a compact Kähler manifold of non-negative holomorphic bisectional curvature with a big tangent bundle is a product of irreducible Hermitian symmetric spaces of compact type.
Finally, while we present no results in this direction, we will end our introduction by mentioning that our considerations in this paper should be related to the hyperkähler geometry of cotangent bundles of compact Kähler manifolds, as developed in [Fe, Ka] . One of the features of this theory resembles that of the adapted complex structures, in that the hyperkähler metric does not always exist on the whole cotangent bundle, but only in some neighbourhood of the zero section. Furthermore, the situation for compact Riemann surfaces mirrors that described above: in genera 0 and 1, the hyperkähler metric exists everywhere, while for genus ≥ 2, it is known that it does not extend to the whole cotangent bundle [Fe, Theorem B(ii) ]; in fact, in the latter case, the domain of definition of the metric has more recently been determined [Hi, §6.1] . It is likely that the assumption of non-negative holomorphic bisectional curvature is again sufficient to guarantee that the hyperkähler metric exists on the whole cotangent bundle and is complete, but we have not investigated this.
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PRELIMINARIES
If not mentioned otherwise, manifolds are assumed to be connected.
1.1. Complexification. By Whitney's Theorem, every C ∞ -manifold admits a real-analytic structure. The complexification of such a real analytic manifold seems to have first appeared in [WB] . The arguments in that paper are somewhat sparse and more details are given in [Sh, §1.4] . While these early papers have a local approach to the notion of complexification, we will use the following definition, cf. [Ku] . Definition 1.1. A complexification of a real analytic manifold M is a complex manifold Z together with an anti-holomorphic involution τ : Z → Z such that M is real analytically isomorphic to the fixedpoint set Z τ of τ. The complexification Z is called minimal if the inclusion M ֒→ Z is a homotopy equivalence. Remark 1.2. Two complexifications of the same real analytic manifold M have biholomorphic germs around M. Definition 1.3. Let M be a differentiable manifold and Z a complex manifold. We say that an embed-
is the complex structure on the tangent bundle. In this case, we call Z a (complex) extension of M.
Fixed-point sets of anti-holomorphic involutions are totally real, i.e., a complexification is a complex extension. Conversely, Grauert's solution of the Levi problem [Gr1] and further improvements by Nirenberg-Wells [NW, §4] imply the following result. In particular, every complexification contains a minimal complexification that is a Stein manifold. As smooth affine varieties over the complex numbers provide examples of Stein manifolds, this leads to the following notion, which was introduced in [T] , and which we discuss in our context in Section 2.5.3. Definition 1.5. A good complexification of a real analytic manifold M is a smooth affine algebraic variety U over R such that M is diffeomorphic to U(R) and such that the inclusion U(R) → U(C) is a homotopy equivalence.
1.2. Analytic representatives for Kähler forms. While many papers on complexifications in the presence of a Kähler form assume the form to be real analytic, see for example [Fe] , the following result does not seem to be too well-known. As only sketches of proofs of Proposition 1.6 seem to be found in the literature, we give a detailed argument in Appendix A.
1.3. Affine bundles. Let X be a complex manifold and V a holomorphic vector bundle over X. V) determines an affine bundle Z a → X over X with bundle of translations V as follows. Associated to a is an extension of vector bundles
To recall, W may be realised via Dolbeault representatives as follows. Let α ∈ A 0,1 (V) denote a Dolbeault representative of a. Then W is the C ∞ vector bundle V ⊕ O X with the holomorphic structurē
In terms ofČech representatives, if {X i } is a fine enough open cover so that a is represented by (a ij ) ∈ ∏ Γ(X i ∩ X j , V), then a section of W over U is given by tuples 
Let us be explicit about how one goes back and forth between expressions for (not necessarily holomorphic) sections of W in the Dolbeault and in theČech realisations. As mentioned, a section for theČech realisation is given by a tuple as in (1.10) satisfying (1.11), while one of the Dolbeault realisation is a smooth section of the direct sum V ⊕ O X , and this will be holomorphic if and only if it lies in the kernel of (1.9). Starting with an expression in (1.10), the corresponding Dolbeault section is
over U ∩ X i ; it is easy to check that these expressions give a well-defined section of V ⊕ O X . Of course, given a Dolbeault section (s, f ), the correspondingČech section is
If |W| denotes the total space of W, then the surjective map in (1.8) yields one of manifolds
For λ ∈ C, we set Z a,λ := p −1 (λ) and Z a := Z a,1 ; of course, we may simply write Z if the class a is understood. In fact, it is easy to see that Z a ∼ = Z a,λ for any λ ∈ C × . Also, since the isomorphism class of W only depends on the class of a in PH 1 (X, V), the same is true of Z a . The vector bundle V acts on W by translations; since V is the kernel of p, it is clear that Z a is invariant (as a submanifold of |W|) under this operation, so that we obtain a well-defined action of V on Z a . With this operation, Z a becomes a V-torsor; this is equivalent to saying that Z a is a locally trivial fibre bundle with fibre C r with transition functions in the group of affine transformations of C r such that the induced cocycle with values in GL r (C) gives back V. We say that Z a is an affine bundle (modelled on the vector bundle V). Remark 1.13. To avoid any possibility of ambiguity, in the following, PW will refer to the projective bundle of lines, and not hyperplanes, in W. This is also the convention adopted in [De, §15.C] .
The next two lemmata collect a number of well-known properties of the construction described above. We explicitly state and prove them here in order to point out a number of consequences of the choice of convention adopted here, to remind the reader of certain isomorphism between the different realisations, and to be able to easily apply them later in the special case where we consider the extension of the trivial line bundle by the cotangent bundle induced by a Kähler class. 
Proof. To see (a), say in theČech realisation, sections of W are locally given by pairs (s, f ), with s a section of V and f a locally defined function. The sections of V correspond to those where f = 0. Therefore, taking f = 1 is equivalent to dehomogenising coordinates of PW, and this is precisely the complement of PV. Recall that under the convention adopted in Remark 1.13 we have an identification H 0 (PW, O PW (1)) = H 0 (X, W ∨ ); the section s 0 is (up to scalars) precisely the section corresponding to the inclusion O X → W ∨ one obtains upon dualising the sequence (1.8).
For (b), let {X i } be an open cover of X for which we can choose aČech representative (a ij ) Proof. By definition, a section of Z a is a section of W whose image in O X is 1. Thus, the statement comes from taking f i = 1 in (1.11). The statement involving the Dolbeault representation of the canonical section simply comes from (1.12). This shows (a).
Regarding (b), we first remark that an affine space is isomorphic to its vector space of translations upon a choice of base point. Similarly, an affine bundle will be isomorphic to its vector bundle of translations upon choice of a section. It is clear that if a is trivial, then V ∼ = Z a . On the other hand, a global holomorphic section will produce a global primitive for the class of a, which will then be the trivial class.
For (c), we noted above that a C ∞ section of Z a always exists, so Z a and V are diffeomorphic, but the projection V → X is a homotopy equivalence, as it is a vector bundle.
Flag varieties and their automorphisms.
By a flag variety, we will mean a smooth complex projective variety M = G/P, where G is a connected semisimple complex algebraic group and P ≤ G is a parabolic subgroup. We wish to remind the reader of the description of the holomorphic/algebraic automorphism group Aut M of 
In each of the exceptions, if G ′ := Aut
• M, then G ′ is also a semisimple group, G ≤ G ′ (via the map above) and G ′ has a parabolic subgroup P ′ for which G/P = G ′ /P ′ . Since we are interested in this latter quotient, by replacing the pair (G, P) with (G ′ , P ′ ), we may assume (1.17) holds in all cases. Now, when G is not necessarily simple, one has a decomposition
where each M i = G i /P i is itself a flag manifold, with G i being a simple factor of G and P i = G i ∩ P, and [Ak, §3.3 . Theorem 1] says that
Therefore, by replacing the G i by the appropriate G ′ i as in the preceding paragraph, we may assume that (1.17) holds, even if G is not simple.
To describe the full automorphism group, let T ≤ G and B ≤ G be a maximal torus and a Borel subgroup, respectively, with T ≤ B; furthermore, we choose them so that B ≤ P. Let Φ denote the root system associated to (G, T); B then corresponds to a subset Π ⊆ Φ of simple roots. Let Aut G denote the group of automorphisms of G as an algebraic group and set
Then E is a finite group; since it preserves T, it induces an action on the root system Φ; since it furthermore preserves B, it permutes the positive roots, and hence is isomorphic to the automorphism group of the Dynkin diagram associated to theépinglage of G determined by T and B (i.e., the choice of Π above). Let E P ≤ E be the subgroup of E preserving P. Since B ≤ P, P corresponds to a subset R ⊆ Π of simple roots; viewing E P as a group acting on the Dynkin diagram, whose nodes are indexed by Π, it is the subgroup which preserves R.
We will also need the following.
Proposition 1.19 (Cor. 2 in §3.3 of [Ak]). Every automorphism of M has at least one fixed point.
Let L ≤ P be the Levi subgroup containing T; then, as it is a reductive group itself, its root system Φ L with respect to T is a sub-root system of Φ; in fact, it is precisely the sub-root system of Φ spanned by R. Thus, we obtain the following.
To be explicit, an element of the G-factor of Aut M = E P ⋉ G acts by left multiplication on M = G/P and an element of E P acts as an automorphism of G on a representative of a coset in M (of course, it is well-defined as P is preserved by E P , by definition). The lemma now implies that if we let Z := G/L, where L ≤ P is the Levi factor described above, then E P ⋉ G also acts on Z. Since any algebraic action on M factors through Aut M, we may record the following. 
Flag varieties in terms of compact groups.
A flag manifold may also be realised as a homogeneous space of a compact Lie group. Let M = G/P be as before (with G semisimple, but not necessarily simple). Let U ≤ G be a maximal compact subgroup (which will be semisimple); then G = U C is the complexification of U. Let K := U ∩ P. Then we have identifications
Furthermore, we have K C = L, that is, the complexification of K is the Levi factor of P. With this, the canonical fibration Proof. Since Γ acts freely, X := Γ\T is a smooth flat Riemannian manifold. Then X = R n and by the classical Bieberbach theorem, π 1 (X) = Σ ⋉ Λ, where Λ ≤ R n is a rank n lattice and Σ ≤ O(n) is a finite subgroup preserving Λ. Furthermore, since the universal covering map R n → X factors through T, there is a sublattice M ≤ Λ with T = R n /M. We also see that
α=1 is a (Z-)basis of M; of course, it is also an R-basis of R n . With this basis, we can be explicit about the (totally real) embedding
From (1.25), it is clear that the action of Γ on T is generated by elements in Σ ≤ O(n) and the elements λ 1 , . . . , λ n ∈ Λ. We show that these act on (C × ) n algebraically. Let σ ∈ Σ. Then with respect to the basis µ = (µ 1 , . . . , µ n ), it has matrix σ µ ∈ GL n (Z), say
Also, we put
where ζ d α is a primitive d α th root of unity. These are obviously algebraic maps, and it is straightforward to see that the image of (1.26) is invariant under this action and restricts to the Γ-action on T there.
1.6. Curvature on Kähler manifolds. We follow the conventions of [GK] . Let X be a Kähler manifold and let R be the Riemannian curvature tensor associated to the Kähler metric. Then we recall that for a (real) 2-plane π ⊆ T x X in the tangent space to X at a point x ∈ X is given by (u, v, u, v) , where u, v form an orthonormal basis of T x X. Restricting this to complex lines in T x X, i.e., subspaces invariant under the complex structure J, we get the holomorphic sectional curvature: if σ is such a plane and u ∈ σ a unit vector, then Ju, u, Ju) .
Generalising this slightly is the holomorphic bisectional curvature: if σ, σ ′ are J-invariant planes, then this is defined as
where u ∈ σ, v ∈ σ ′ are any unit vectors.
Remark 1.27. It is clear to see that holomorphic bisectional curvature determines the holomorphic sectional curvature, preserving signs. [GK, Equation (4)], which follows from the Bianchi identity, states that u, v, u, v) + R (u, Jv, u, Jv) so that the sectional curvature also determines the holomorphic bisectional curvature, also preserving signs. In particular, if X has non-negative sectional curvature, then it also has non-negative holomorphic bisectional curvature. With a little bit more work, one can show that in fact holomorphic sectional curvature determines the curvature tensor completely, but we will not need this.
Of course, greatly facilitating our main results is Mok's solution to the generalised Frankel conjecture. 
is holomorphic, where the right side means scalar multiplication. This complex structure was introduced in [LS] and [GS] , arising from the study of solutions to the homogeneous Monge-Ampère equation. There exists an R ∈ R >0 ∪ {∞}, and a maximal such, such that if
then the complex structure is defined in T R M, see [LS, Theorem 3 .1]; T R M is often referred to as the Grauert tube of M. Furthermore, a bound for the sectional curvature of g can be given in terms of R [LS, Theorem 2.4, 4 .2]; in particular, if R = ∞, in which case one says that M has entire Grauert tube, the sectional curvature of (M, g) has to be non-negative.
1.8. Big vector bundles. Modulo our convention for projective bundles, the following is standard.
We say that a vector bundle E over X is big if the line bundle O PE ∨ (1) 2 over the projectivisation PE ∨ is big, see [La, Example 6.1.23] . Note that this is sometimes referred to in the literature as "L-big" (e.g., [J, Definition 1.4 
]).
By a (complex analytic) fibre space, we mean a proper surjective holomorphic map f : X → Y from a complex manifold to a normal complex space Y all of whose fibres are connected, cf. [U, p.xvii (9) 
and so f * L cannot be big. Suppose E is a vector bundle of arbitrary rank. Then we observe that the diagram
. Since the fibres of F are, by definition, those of f , it follows that F is also a fibre space, with dim P( f * E ∨ ) > dim PE ∨ ; hence the statement for line bundles can be applied to show the claim. 
CANONICAL EXTENSIONS OF KÄHLER MANIFOLDS
as a special case of the exact sequence written in Equation (1.8). We will define the canonical extension of X with respect to [ω] as Z [ω] , using the notation of Section 1.3. In case the Kähler class is fixed, the extension is sometimes denoted by Z X .
Of course, the Kähler form itself gives a Dolbeault representative for the extension class [ω] ∈ H 1 (X, Ω 1 X ). Then upon choosing local primitives ρ i ∈ A 1,0 (X i ) with∂ρ i = ω| X i , Lemma 1.16(a) implies that these patch together to give a differentiable section
The same statement allows us to realise this (in the Dolbeault realisation of the extension given in Equation (2.1)) as the section (0, 1) of Ω 1 X ⊕ O X , but viewed with the holomorphic structure arising from ω, cf. Equation (1.9)). Proof. This is of course a local question, so we may work over a coordinate chart U. Given a point p ∈ U, as ω is a Kähler form, we may consider holomorphic geodesic coordinates z 1 , . . . , z n for ω centered at p, e.g., see [V, Prop. 3.14] , so that in these coordinates ω has an expression
Then an expression for ρ in the same coordinates reads
where the t p are locally defined holomorphic functions. We think of this as a map ρ :
With this, it is not hard to compute directly that
e., the image of ρ ω is totally real, as claimed.
For the statement about analyticity, one should recall that the proof of the Dolbeault lemma for (1, 1)-forms involves integrating locally, and if one starts with a real analytic form, integrating will also yield one. Furthermore, any two primitives differ by an element of the kernel of∂, hence a holomorphic form. Thus, any primitive will be real analytic if ω is.
Corollary 2.4 (Minimal complexification defined by Kähler form). If ω is real analytic, there exists a basis of Stein neighbourhoods
Proof. By Theorem 2.3, the assumptions of Theorem 1.4 are fulfilled for ρ ω : X → Z [ω] .
Remark 2.5 (Real analytic representatives exists). We emphasise that by Proposition 1.6, every Kähler class a ∈ H 1,1 (X) contains a real analytic representative ω, to which the above construction can be applied to yield a corresponding minimal complexification.
Basic properties.
We will see later in Section 2.5 that for compact Kähler manifolds, non-negative holomorphic bisectional curvature is a sufficient condition for the canonical extension itself to be a Stein manifold. It is not true that it is always Stein (see Example 2.30), however, it always possesses the following property of Stein manifolds. Proposition 2.6. Suppose that (X, ω) is compact Kähler and let Z = Z [ω] be its canonical extension with respect to [ω] . Then the only compact analytic subsets of Z are 0-dimensional.
Proof. We give the proof assuming that T ⊆ Z is a connected, compact, complex submanifold, the case of an (irreducible) singular analytic subset T ⊆ Z can be handled using a(n embedded) resolution T → T such that T is a compact Kähler manifold.
Since Z is an affine bundle over X, the intersection of each fibre of π : Z → X with T is a compact analytic subspace of an affine space, so is a finite set of points. Thus the induced proper map f : T → X is a finite morphism, and therefore anétale covering onto its image away from the ramification locus. Therefore, the pullback f * ω is positive away from this proper analytic subset of T and hence, if k = dim C T, one has (2.7)
Recall from Lemma 1.14(a) that Z is an open complex submanifold of PW. As X is Kähler, the latter is a Kähler manifold, hence Z itself is Kähler, and finally we conclude that T is a compact Kähler manifold. Now, the extension class [π * ω] ∈ H 1 (Z, π * Ω 1 X ) is trivial, and hence so is the extension class obtained by restriction to T; i.e., we have
T and the Dolbeaut isomorphism, we conclude that f * ω is a∂-exact (1, 1)-form on T. Since T is compact Kähler, the ∂∂-lemma hence implies that f * ω is d-exact, from which we conclude that T f * ω k = 0, unless k = 0. From this and Equation (2.7) above we conclude that k = 0, as claimed.
The canonical extensions constructed above enjoy the following universal property. 
Proof. We note that if T is Stein, then clearly H 1 (T, f * Ω 1 X ) = 0, so that the pullback of the extension class is trivial. The claim therefore is just Lemma 1.14(c) in the case V = Ω 1 X . The construction of Section 2.1 has also been described using slightly different language by Donaldson in [Do, §2] ; his discussion focuses on the symplectic geometry of Z [ω] . For completeness, we list some of his findings, although we will not use them in the subsequent discussion. 
In particular, Π is also a holomorphic covering. If π is a Galois covering with group Γ, then so is Π.
Proof. The first statement is clear from the fact that the Kähler form on X × Y is the sum of the respective pullback from X and Y. The second comes from Lemma 1.14(b): since π is a covering, π * Ω 1 X = Ω 1 Y and the fact that it is locally isometric means that π * ω X = ω Y .
Examples I: Flat metrics on Euclidean space and complex tori.
2.3.1. Euclidean space. We consider C n with the flat metric, so that the associated Kähler form is the standard one given by
for a choice of global coordinates z 1 , . . . , z n . We wish to give here a description of the canonical extension Z = Z C n of C n . Of course, since H 1 (C n , Ω 1 C n ) = 0, by Lemma 1.16, we will have Z ∼ = |Ω 1 C n | ∼ = C 2n . However, the isomorphism is non-trivial and will be important when we look at complex tori, so we go through the computation here. The extension (1.8) for
and over C n , we have a global frame dz 1 , . . . , dz n for Ω 1 C n and 1 for O C n . The holomorphic structure on W is given by (1.9):∂
Therefore, W has a holomorphic frame given by
Thus, global coordinates on the total space of W are given by
The affine bundle Z = Z C n is the submanifold where y = 1, so this has global coordinates
If we started with coordinates (z, u) on |Ω 1
then we have
The section of Z → C n given by Lemma 2.2 corresponding to ω is
In the holomorphic coordinates (z, w), this is z → (z, w = −iz), and so it is easy to see that this is a totally real embedding.
Complex tori.
Suppose now that X is a complex torus of dimension n so that X = C n /Λ for some full rank lattice Λ ∼ = Z 2n in C n . We consider X as a Kähler manifold by endowing it with flat metric induced from the Λ-invariant metric (2.11) on C n .
Proposition 2.13. For a complex torus X of dimension n and the flat metric ω, the canonical extension
Z X = Z ω is biholomorphic to (C × ) 2n .
In particular, it is a Stein manifold.
Proof. By Lemma 2.10(b), the canonical extension Z X is the quotient of the canonical extension Z C n by an induced action of Λ which is described as follows. As the action of Λ on C n is by translation, the induced action on the cotangent bundle Ω 1 C n is simply λ · (z, u) = (z + λ, u). In terms of the holomorphic coordinates (2.12) on Z C n , we get λ · (z, w) = z + λ, w − i 2λ . Hence, this action of Λ generates the lattice in Z ∼ = C 2n given by
In order to see this, choose a Z-basis λ 1 , . . . , λ 2n of Λ and let Π ∈ M n×2n (C) denote its matrix with respect to the standard basis of C n . We note that complex conjugation is with respect to the standard basis in the sense that the standard basis vectors are invariant under conjugation. By [BL, Proposition 1.1.2], since Π arises from a lattice yielding a complex torus, we have
the argument simply uses the fact that the columns of Π are linearly independent over R. But the matrix of Λ with respect to the standard basis of C 2n is
This proves our claim (2.14) and so we may conclude by applying the next lemma.
Lemma 2.15. Let Λ ⊆ C r be a rank r lattice. If Λ ⊗ Z C = C r , then C r /Λ is biholomorphic to (C × ) r .
Proof. The assumption that Λ ⊗ Z C = C r means that a Z-basis of Λ is also a C-basis of C r , so by making a linear change of coordinates in C r , one may assume this is the standard basis. In the corresponding coordinates of C r , the biholomorphism is induced by the Λ-invariant holomorphic map
Remark 2.16. One observes that the biholomorphism Z X ∼ = (C × ) 2n is not algebraic. 
known (e.g., by [BL, Thm. 1.4.1(b) ]) that we have canonical identifications
gives an isomorphism, we may use it to identify (2.19) and under this isomorphism, h corresponds to ½ V . Typically, we use the corresponding Kähler form ω = i 2 ∑ ϕ α ∧ ϕ α , but, up to scalars, this also yields the identity. The Picard variety Pic 0 A of A can be explicitly described as the dual complex torus
Let us consider the moduli space M of pairs (L, ∇), where L is a line bundle on A ∨ and ∇ is a λ-connection 4 on L. In the case λ = 0, we make the further assumption that L ∈ A = Pic 0 A ∨ ; if λ = 0, this must necessarily hold [BHR, §2] . Forgetting the λ-connection, the map (L, ∇) → L yields a morphism M → A, and this is in fact a vector bundle which is an extension of O A by the trivial bundle with fibre H 0 (A ∨ , Ω 1 A ∨ ). From [BHR, (2.4) ], 5 we see that there is a short exact sequence
There is a canonical identification H 0 (A ∨ , Ω 1 A ∨ ) = V and again, using the identification V = V ∨ coming from the metric h, we may also identify V with
A ), and therefore the sequence given in Equation (2.20) may be identified with
[BHR, Lemma 2.1] now states that the extension class for this sequence is −id V , when we use the identification in (2.19). Now, the fibre over 1 in (2.21) is the moduli space M dR = M dR (A, 1) of flat rank 1 connections on A, but then this means that, algebraically, Z A ∼ = M dR .
2.4. Examples II: Flag varieties. In Section 2.4.1, we quickly explain how, for a smooth projective variety X embedded in P N , the extension sequence (2.1) is related to the Euler sequence for P N , and to the Atiyah sequence for the C × -bundle coming from the line bundle O P N (1)| X . In Section 2.4.2, we specialise this discussion to the case of flag varieties.
Smooth projective varieties.
Let X be a smooth complex projective variety. Then it obtains a Kähler structure from a choice of embedding X ֒→ P N , with the Fubini-Study form ω FS , which is canonical after fixing a Hermitian form on C N+1 , restricting to a Kähler form ω := ω FS | X on X. As usual, we let O X (1) := O P N (1)| X . In this setup we have the following relation between the canonical extension induced by ω and the restricted line bundle O X (1). Proof. Of course, ω FS is the curvature form of the standard metric on O P N (1), which restricts to a metric with curvature form ω = ω FS | X on O X (1). The Chern connection of the induced metric on O X (1) is of type (1, 0) and of course yields a connection on the underlying C × -bundle with the same curvature form. By [At, Prop. 4, p.191] , the extension class of this curvature form is that of the Atiyah sequence, which show the claim.
2.4.2. Flag varieties. Now, let M = G/P = U/K be a flag variety; we revert to the notation of Section 1.4, so that, in particular, G, P, L, U, and K have the meaning given there. Furthermore, we will let g and p denote the Lie algebras of G and P, respectively.
We choose a character χ : P → L → C × that is strictly anti-dominant for P, yielding a C × -bundle Q := G × P,χ C × . The line bundle L = G × P,χ C × associated with Q is very ample, and hence we obtain a corresponding projective embedding 
are non-proportional ample classes arising from (necessarily different) equivariant projective embeddings of M, the corresponding spaces Z a , Z a ′ are not isomorphic as affine bundles; i.e., the biregular isomorphism provided by Proposition 2.24, while fibre-preserving, does not in general preserve the affine-linear structure of the fibres.
Proof of Proposition 2.24. By Proposition 2.22 the canonical extension (2.1) for M is obtained as the dual of the Atiyah sequence for Q. It is explained in [BW, §4.3 ] that this Atiyah sequence is the sequence of vector bundles associated to a sequence of P-representations
where C denotes the trivial 1-dimensional P-representation. If a ⊆ w is the preimage of 1 ∈ C, then a is a P-invariant affine subspace of w modelled on the P-representation (g/p) ∨ and
Furthermore, there is an element ν 0 ∈ a which has stabiliser precisely L, and the
] is an isomorphism, see [BW, Proposition 4.20] . Of course, the projection map Z M → M is simply the canonical projection G/L → G/P. Now, if we use the realisation M = G/P = U/K of Section 1.4.1, then considering (2.26) as a sequence of K-representations, noting K ≤ P, the corresponding sequence of vector bundles associated to the K-bundle U → M = U/K yields the (C ∞ -version) of (2.1) for M. But now, since K is compact, (2.26) splits as a sequence of K-modules. On the other hand, we obtain a section of Z M from the (totally real) inclusion
given by (1.22). Now, under the K-splitting w = (g/p) ∨ ⊕ C, since ν 0 ∈ a, the image of this section in C is 1, so it must go to an element of the form (τ 0 , 1) ∈ (g/p) ∨ ⊕ C for some τ 0 ∈ (g/p) ∨ . This τ 0 yields a (real analytic) section of
But since χ was chosen to be strictly anti-dominant, (g/p) ∨ has no trivial sub-K-representations, hence τ 0 = 0.
It follows that the section M → Z M induced from the inclusion (2.27) corresponds to the section (0, 1) of Ω 1 M ⊕ O M , under the splitting arising from the K-splitting of (2.26). Thus, from Lemma 1.16(a), this yields the canonical section (arising from the Kähler form).
2.5. Non-negative holomorphic bisectional curvature. In this section, we consider the canonical extensions for compact Kähler manifolds of non-negative holomorphic bisectional curvature. With the help of a structural result, which we prove first, we can relate this class of manifolds and hence their extensions to the ones already considered in previous sections.
2.5.1. Structure theory. Using a result of Deligne and Sullivan [DS] , we can slightly improve upon the information provided by Theorem 1.28, by showing that we only need to go to a finiteétale cover, rather than the universal cover, to obtain a splitting of a compact Kähler manifold with non-negative holomorphic bisectional curvature; cf. [CDP] .
Proposition 2.28. Let (X, ω) be a compact Kähler manifold of non-negative holomorphic bisectional curvature. Then a finite Galois cover of M is isometrically biholomorphic to T × M, where T is a complex torus endowed with a flat Kähler metric and M = U/K is a compact Hermitian symmetric space endowed with a U-invariant Kähler metric. The Galois group acts diagonally on T × M and moreover freely on the T-factor.
Proof. In the following, for a Kähler manifold (Y, g Y ) we denote by Iso O (Y) the corresponding group of holomorphic isometries (i.e., the intersection of the holomorphic automorphism group with the isometry group).
We begin by following the proof of the Bogomolov-Beauville structure theorem for compact Kähler manifolds with vanishing first Chern class [Be, Théorème 1] . Let M denote the compact factor ∏ i P N i × ∏ j M j in the statement of Theorem 1.28, so that X = C k × M and consider the action of π := π 1 (X) on X. Since this decomposition arises from the de Rham decomposition, which is unique, one concludes that every (biholomorphic) isometry of [Be, Remarque, p. 757] ). We may therefore realise π as a subgroup of
Let Σ ≤ π be the subgroup of elements of the form
Then as a first observation we note that π/Σ ≤ Iso O (C k ) acts on C k with compact quotient, so by the classical Bieberbach theorem, π/Σ ∼ = Λ ⋊ Φ, where Λ ≤ C k is a full rank lattice (i.e., Λ ∼ = Z 2k and Λ ⊗ Z R ∼ = C k ) and Φ is a finite group of isometries. Secondly, Σ must act freely on M. But by Proposition 1.19, no nontrivial group does so. It follows that Σ = {1} and hence π ∼ = Λ ⋊ Φ. Therefore, π acts freely on C k , so at this point, we can conclude that
is a locally trivial fibre bundle with locally constant transition functions over the compact flat Kähler manifold C k /π with fibre M.
is an affine algebraic group and hence admits a closed algebraic embedding into GL N (C) for sufficiently large N. The fibre bundle X is then obtained from the homomorphism ρ : π → Aut M ≤ GL N (C), and as π is finitely generated, the result of [DS] states that there is a normal subgroup of finite index in π on which ρ is trivial. By intersecting this subgroup with Λ, we find that there is a finite index lattice Γ ⊆ Λ on which ρ is trivial; [π : Γ] is also finite. Then X/Γ = (C k /Γ) × M and setting T := C k /B, we obtain the statement.
Steinness of canonical extensions.
Using the structural result obtained in the previous section as well as the information already gathered on canonical extensions of tori and flag manifolds, we are now in a position to prove the following.
Theorem 2.29. Suppose a compact Kähler manifold X admits a finite Galois covering isometrically biholomorphic to a product T × M, where T is a complex torus endowed with a flat metric and M is a flag variety endowed with an invariant metric coming from an equivariant projective embedding as in (2.23). In particular, for a compact Kähler manifold endowed with a Kähler metric of non-negative bisectional holomorphic curvature the corresponding canonical extension is Stein.
Proof. Lemma 2.15 and Proposition 2.24 together with Lemma 2.10(a) tell us that Z T × Z M is a Stein manifold. Now, suppose T × M → X is a finite Galois cover with group Γ. Then the same holds for
In the case that X is a compact Kähler manifold of non-negative holomorphic sectional curvature, then we know from Proposition 2.28 that X admits a finiteétale cover that splits biholomorphically and isometrically into a product T × M, where M is a product of compact, irreducible Hermitian symmetric spaces endowed with the symmetric metric. In the case that M is in fact an irreducible compact Hermitian symmetric space, then Remark 1.29 implies that the corresponding canonical extension (2.1) is isomorphic to that obtained from a projective embedding as in Section 2.4.1 above. But the same will be true for Kähler-isometric products of such.
The following example shows that without the curvature condition the canonical extension is not necessarily Stein.
Example 2.30. Let X be a compact Riemann surface, and V a line bundle on X. Consider the extension (1.8) and let S := PW. Then the ruled surface S → X admits a section σ with image X ∞ at infinity, corresponding to the inclusion PV ⊆ S or equivalently, to the surjection W ∨ ։ V ∨ . Clearly, this section meets each fibre once, and hence the line bundle corresponding to the divisor X ∞ is O S (1); moreover, we have σ * (O S (1)) = V ∨ , so that the self-intersection (X ∞ ) 2 = − deg V; cf. [Fr, §5, Lem. 10 ]. In the case that g(X) > 1 and V = Ω X , the self-intersection of X ∞ is negative by the preceding computations, and therefore by Grauert's criterion [Fr, §3, Thm. 20] , X ∞ can be contracted to a point on a normal, compact complex space S of dimension two. But then Z X = S \ X ∞ = S \ {pt}. But the latter admits no non-constant global holomorphic functions. Hence Z X cannot be Stein.
Remark 2.31. It is an open question, motivated by Jouanolou's trick in algebraic geometry and raised for example by Campana and Winkelmann in [CW, §3] , whether every compact Kähler manifold admits a holomorphic surjection p : Ω → X from a Stein manifold Ω whose fibres are individually biholomorphic to C N (together with a real analytic section). Theorem 2.29 provides a very modest extension of the Jouanolou result to some non-algebraic cases.
2.5.3. Existence of good complexifications. As mentioned in the introduction the question of having affine canonical extensions is related to the existence of good complexifications. Using our analysis above, we can prove the following result.
Theorem 2.32. Let X be a compact Kähler manifold that admits a finite Galois covering isometrically biholomorphic to a product T × M, where T is a complex torus endowed with a flat metric and M is a flag variety endowed with an invariant metric coming from an equivariant projective embedding as in (2.23). Then X admits a good complexification. In particular, this holds if X is a compact Kähler manifold of non-negative holomorphic bisectional curvature.
To prove this, we apply the following result of Totaro.
Lemma 2.33 ([T, Lemma 3.1]). Let U be a good complexification with an action of the complexification G of a compact Lie group G(R). If G(R) acts freely on U(R), then the algebraic group G acts freely on U, and the quotient variety U/G is a good complexification of the quotient manifold U(R)/G(R).
The first thing to say is that if S is any compact real torus of dimension n, then (C × ) n is a good complexification, as it can be identified with the C-points of the real affine variety
of course, S is diffeomorphic to the manifold of real points.
The fact that G/L is a good complexification of the flag variety G/P is already [Ku, Theorem 5 .1]. However, it can also be seen from Lemma 2.33 above, recalling that a flag variety can always be obtained as a quotient of compact Lie groups ( §1.4.1), and that every compact Lie group is a real algebraic variety (e.g., see [OV, Theorem 5.2.12] ). Putting this together, it follows that
Now, we wish to use Lemma 2.33 again, this time for the action of the Galois group Γ of the covering T × M → X. For this, the first thing we should note is that since Γ is a finite group, it is easy to define a group scheme G over R for which G(R) = G(C) = Γ. To apply Lemma 2.33, it then suffices to show that Γ = G(C) acts algebraically on Z T × Z M , noting that Γ = G(R), by assumption, acts freely on T × M. As the Γ-action is induced by the isometric action of π 1 (X) on X = C dim T × M, the argument of [Be, Remarque, p. 757 ] again applies to show that this latter action is diagonal, and hence so is the Γ-action on T × M. It follows that that lifted action of Γ on Z T × Z M will also be diagonal. Thus, it is enough to know that the Γ-action lifts to an algebraic action on each factor. For T, this is Proposition 1.24, for M, this is Corollary 1.21 and Lemma 1.23. This concludes the proof.
Remark 2.34. In the introduction to [T] , the question is posed of whether a closed manifold admits a good complexification if and only if it admits a Riemannian metric of non-negative curvature. The above shows that if it admits a Kähler metric of non-negative curvature, hence non-negative holomorphic bisectional curvature (Remark 1.27), then a good complexification exists. Of course, we have made essential use of Mok's uniformisation Theorem 1.28 to see this.
2.5.4. Relation to adapted complex structures. It is a particular case of [LS, Example 2 .1] that if Λ is a lattice in R n with the flat metric, then the adapted complex structure on T(R n /Λ) is isomorphic to C n /Λ, which by Lemma 2.15 is in turn biholomorphic to (C × ) n . Therefore, by Proposition 2.13, if X is a complex torus of dimension n, then the adapted complex structure from the Kähler metric and the canonical extension coincide.
If M is as in Section 1.4.1, whose notation we adopt, we may write M = U/K = G/P. But then [Sz2, Theorem 2.2] states that the adapted complex structure on TM = T(G/K) is biholomorphic to G/L, so by Proposition 2.24, in this case too, the adapted complex structure coincides with the canonical extension. Now, by Proposition 2.28 and the fact that the metric and therefore adapted complex structure is local, we can state the following. 
BIG TANGENT BUNDLES AND AFFINE CANONICAL EXTENSIONS
In this section we start investigating the question of necessary assumptions on a manifold to have a canonical extension with many holomorphic or regular functions. Moreover, as a sideproduct of our investigation, we give a new proof of a result of Yang, [Y, Theorem 4.5] .
3.1. Affineness of the canonical extension and bigness of the tangent bundle. We now consider the case where X is a smooth complex projective variety. In this case, it is possible to show that if Z X is affine, then the tangent bundle Θ X must be big. In particular, this applies to flag varieties as discussed in Section 2.4.2.
In order to obtain the result just mentioned, we give a more general statement about affine open subvarieties in projective varieties, which in turn makes essential use of the following result of Goodman [Go, §I Theorem 1] , which is also stated and proved at [Ha1, §II.6 Theorem 6.1]. By taking a sufficiently large multiple, we may assume that A is very ample and that it takes the form A = k f * D − N + P, where k ∈ Z >0 and N and P are effective divisors which are exceptional for f . Thus, 
Since A is very ample, its global sections yield a projective embedding φ A : Y ֒→ P N ; but considering the linear system |V| on Y induced by the inclusion (3.3), we obtain a rational map φ |V| : Y P N yielding a factorisation φ kD of φ A that fits into a commutative diagram
where D ⊆ Y is the strict transform of D and ι and ι are the respective inclusion maps. Since f is an isomorphism away from f −1 (Z), the diagram already shows that the indeterminacy locus of φ V is contained in Z. In particular, since φ A • ι is an embedding, ι • φ |V| is an embedding at least on D \ Z. Proof. In the situation of Section 2.1, we take Y = PW and D = PΩ 1 X . Then by Lemma 1.14(a),
is big is the definition of Θ X being big. The last statement comes from Proposition 2.24.
Remark 3.5. Our last statement is the second part of [Hs, Corollary 1.3] , which is obtained via much different methods. The first part of Hsiao's statement suggests the question of whether Z X is affine when X is a toric variety.
The following gives a first indication of the place of varieties with big tangent bundles in the classification theory of higher-dimensional projective varieties. Proposition 3.6. If X is a projective manifold with the property that Θ X is big, then X is uniruled. In particular, X having big tangent bundle implies that its Kodaira dimension is negative.
Proof. Assume that X is not uniruled and fix an ample line bundle A on X. By Miyaoka's generic semipositivity theorem (see, e.g., [La, Remark 6.3 .34]), for a sufficiently general curve C ⊆ X arising as a complete intersection of n − 1 divisors in |rA| for r ≫ 1, the restriction A is a subsheaf of Θ ⊗m X ;, dualising, we hence obtain an anti-ample quotient of (Ω 1 X ) ⊗m and restricting to C above, we obtain a contradiction.
Remark 3.7. In the statement of Proposition 3.6, we have assumed that X is projective; however, with the assumption that Θ X is big, this is automatic. Assuming only that X is compact Kähler, the same is true for the projective bundle PΩ 1 X . The existence of a big line bundle, namely O PΩ 1
X
(1), implies that PΩ 1 X is a Moishezon manifold. Now, the image of a Moishezon manifold under a proper holomorphic map is Moishezon; hence, X is compact Kähler and Moishezon, and therefore projective by Moishezon's theorem.
3.2. Bigness of the tangent bundle,étale covers and decompositions. Here, we present a simple proof of the result of Yang [Y, Theorem 4.5] , which states that if X is a compact Kähler manifold of non-negative holomorphic bisectional curvature with big tangent bundle, then X is a product of Hermitian symmetric spaces of compact type. As in Theorems 2.29 and 2.32, we can prove our result for complex manifolds admitting a finiteétale cover by a product of a torus and a flag variety, and again conclude using Proposition 2.28.
First, we prove the following preliminary statement. 
Now, if Θ X is big, then by Lemma 3.8 so is Θ T×M , but as p M is a fibre space, this contradicts Lemma 1.31 if d > 0. Therefore, T is reduced to a point, and so X has a finiteétale cover by a flag variety M. However, as no finite group acts freely on M by Proposition 1.19, this cover must be trivial.
Remark 3.10. One is tempted to conclude that Θ T×M is not big simply because it has a trivial summand; however, the inference cannot be made on that basis alone, as [J, Example 1.5] shows.
Once again, using Proposition 2.28, we can conclude the following. 
FURTHER DIRECTIONS: MANIFOLDS WITH NEF TANGENT BUNDLE
As already mentioned in the Introduction, compact manifolds having a Kähler metric with nonnegative holomorphic bisectional curvature, which we considered in Section 2.5, necessarily have nef tangent bundle, in the sense that the line bundle O PΩ 1 X (1) is nef on PΩ 1 X . It therefore is a natural question whether the results proven above stay true in this more general context.
Manifolds with nef tangent bundle necessarily have nef anti-canonical bundle; it therefore follows from [Cao, Cor. 1.4] and [DPS, Main Theorem] that the universal cover of such a manifold is a direct product of C k with a Fano manifold with nef tangent bundle. It was conjectured by CampanaPeternell in [CP] that such Fano manifolds are in fact rational homogeneous projective manifolds, i.e., flag varieties as considered in Section 1.4. Comparing with the proof of Steinness of the canonical extension in the case of manifolds with non-negative holomorphic bisectional curvature, one is led to the following natural question.
Question 4.1. If X is a compact Kähler manifold with nef tangent bundle, is there a Kähler metric ω on X such that Z [ω] is Stein?
While the discussion above shows that the universal covers of manifolds with non-negative holomorphic bisectional curvature and of those with nef tangent bundle modulo the Campana-Peternell conjecture are the same as complex manifolds, we remark that the statement of Proposition 2.28 does not generalise to the more general setup of manifolds with nef tangent bundle: the projective bundle X = PW associated with the non-split extension 0 → O E → W → O E → 0 on an elliptic curve E, on the one hand, has nef tangent bundle by [CP, Thm. 3 .1], while on the other hand by [CDP, Rem. 1.7] , it does not admit a Kähler metric such that a finiteétale cover splits isometrically and biholomorphically as P 1 × E ′ , where E ′ is a finiteétale cover of E, endowed with a flat metric.
Concerning the converse problem of characterising manifolds admitting a metric with Stein canonical extension, one might ask We understand that a proof of Proposition 1.6 is possible using methods involving the Kähler-Ricci flow [Br] , however, we present here a more elementary, sheaf-theoretic proof. A proof similar to ours appears at [Le, Proposition 2 .1]; we thank Bo Berndtsson for making us aware of this reference.
Let X be a complex manifold of (complex) dimension n. Consider the map of sheaves ℜ : O X →Lemma A.5. Consider X ֒→ Ω embedded as above, fix x ∈ X and choose holomorphic coordinates z 1 , . . . , z n on X near x. Then given any ǫ > 0, there exists δ > 0 such that if ψ ∈ C 2 (B) on some neighbourhood B of x (in X) satisfies (A.3) for all α, β ∈ i, where i ⊆ k is any subset such that u i is a set of (real) coordinates on X near x, then (A.4) holds on some neighbourhood B ′ of x (in X).
Fix x ∈ X and suppose i ⊆ k is such that u i gives a set of coordinates on X near x. For β ∈ k \ i, then in such a neighbourhood on X, there exist uniquely determined C ω (respectively C ∞ ) functions τ β such that u β = τ β (u i ). If h ∈ C 2 (Ω), then setting ψ := h| X , for all α ∈ i, we have With the observation that the notion of a strictly plurisubharmonic function on a complex manifold is independent of coordinates, by applying Lemma A.7, we can state the following. for all α, β ∈ k, then ϕ 0 − h| X is strictly plurisubharmonic on a neighbourhood of x (in X). Now, suppose we are given ω 0 ∈ H 0 (X, K 1 ∞ ) which is represented everywhere by spsh functions. Then we can find a locally finite, countable open cover {U m } m∈N of X, with U m relatively compact in X and ϕ 0,m strictly plurisubharmonic on U m and find η m > 0 (without loss of generality, η m < 1 2 ) such that if h ∈ C 2 (Ω) satisfies (A.9), then ϕ 0,m − h| U m is also strictly plurisubharmonic on U m . Lemma A.10. There existsη ∈ C 0 (X) such that for every x ∈ X, there exists some m ∈ N with x ∈ U m and 0 <η(x) < η m .
The statement we need to prove Theorem 1.6 will follow from Whitney's approximation theorem. 
